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X∗ WITH WEAK* UNIFORM KADEC-KLEE PROPERTY HAS
PROPERTY(K∗)
TIM DALBY
Abstract. It is shown that if the dual of a Banach space, X∗, where the dual ball
is weak* sequentially compact, has the weak* uniform Kadec-Klee property then
X
∗ has Property(K∗). An example is given where the reverse implication does
not hold. That is, there is a Banach space X whose dual, X∗, has Property(K∗)
but X∗ does not have the weak* uniform Kadec-Klee property.
1. Introduction
A Banach space, X, has the weak fixed point property (w-FPP) if every nonexpan-
sive mapping, T , on every weak compact convex nonempty subset, C, has a fixed
point. If the subsets are closed and bounded instead of weak compact then the
property is called the fixed point property (FPP). The past 40 or so years has seen
a number of Banach space properties shown to imply the w-FPP. Some such prop-
erties are weak normal structure, Opial’s condition, Property(K) and Property(M).
There has also been interest in how these properties are linked or interact. See for
example [1], [4] and [9].
In [6] Dowling, Randrianantoanina and Turett showed that if X is a Banach space
with the dual unit ball, BX∗ , weak* sequentially compact and X
∗ has the weak*
uniform Kadec-Klee property then X has the w-FPP. In a ‘Note added in proof ’
the authors thanked Garc´ıa-Falset for pointing out that if X∗ has the weak* uniform
Kadec-Klee propery then R(X) < 2. This last property, in turn, implies X has the
w-FPP. The proof of that last result appears in [7].
On the other hand, Dalby in [2] showed that X∗ having Property(K∗) implies that
R(X) < 2. So could there be a link between these two properties in X∗? This paper
produces that link; if X∗ has the weak* uniform Kadec-Klee property then X∗ has
Property(K∗).
Definitions for the properties mentioned above appear in the next section. Note
that because the w-FPP is separably determined, the Banach spaces are assumed
to be separable.
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To finish things off, an example is produced where X∗ has Property(K∗) but X∗
does not have the weak* uniform Kadec-Klee property.
2. Definitions
Below are the definitions of properties that will be used in the next section.
Definition 2.1. Sims, [12]
A Banach space X has property(K) if there exists K ∈ [0, 1) such that whenever
xn ⇀ 0, limn→∞ ‖xn‖ = 1 and lim infn→∞ ‖xn − x‖ 6 1 then ‖x‖ 6 K.
If the sequence is in BX∗ and is weak* convergent to zero then the property is called
Property(K∗).
Definition 2.2. Lin, Tan and Xu, [10]
Opial’s modulus is
rX(c) := inf{lim inf
n→∞
‖xn − x‖ − 1 : c > 0, ‖x‖ > c, xn ⇀ 0 and lim inf
n→∞
‖xn‖ > 1}.
Note that X has uniform Opial’s condition if rX(c) > 0 for all c > 0. See [10] or [9]
for more details.
Definition 2.3. A dual of a Banach space has the weak* uniform Kadec-Klee
property if for every ǫ > 0 there exist a δ > 0 such that if (x∗n) is in BX∗ and
converges weak* to x∗ and the separation constant,
sep (x∗n) := inf{‖x
∗
n − x
∗
m‖ : m 6= n} > ǫ
then ‖x∗n‖ < 1− δ.
3. Result
In [1] Dalby showed that if X is a separable Banach space then X has Property(K)
if and only if rX(1) > 0. The proof readily transfers to the dual so Property(K
∗) is
equivalent to rX∗(1) > 0.
Proposition 3.1. Let X be a Banach space with BX∗ weak* sequentially compact
and where X∗ has the weak* uniform Kadec-Klee property then rX∗(1) > 0.
Proof. Assume rX∗(1) 6 0 then rX∗(1) = 0. Given 0 < ǫ < 1 there exists (x
∗
n) and
x∗ in X where x∗n
∗
⇀ 0, lim infn→∞ ‖x
∗
n‖ > 1, ‖x
∗‖ > 1 and
lim inf
n→∞
‖x∗n + x
∗‖ − 1 < rX∗(1) + ǫ = ǫ.
Then lim infn→∞ ‖x
∗
n + x
∗‖ < 1 + ǫ and by taking subsequences, if necessary, we
may assume that
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x∗n + x
∗
1 + ǫ
6 1 for all n.
Again by taking subsequences, we may assume that sep(x∗n) > ǫ. Then
sep
(
x∗n + x
∗
1 + ǫ
)
= sep
(
x∗n
1 + ǫ
)
>
ǫ
1 + ǫ
>
ǫ
2
.
Therefore, by the weak* uniform Kadec-Klee property of X∗, there exists δ > 0
such that
∥∥∥∥ x
∗
1 + ǫ
∥∥∥∥ < 1− δ.
For ǫ < δ, 1 6 ‖x∗‖ < (1−δ)(1+ǫ) < (1−δ)(1+δ) = 1−δ2, which is a contradiction.
Therefore rX∗(1) > 0.

Example
Let X = (l2 ⊕ l3 ⊕ . . .⊕ ln ⊕ . . .)2 then X is a reflexive Banach space that does not
have the weak* uniform Kadec-Klee property. For more details see Sims [11]. But
X has the uniform Opial condition, as shown below. So, in particular, rX(1) > 0.
The proof that X has the uniform Opial condition comes from Property(D) of Dalby
and Sims [3]. A Banach space has Property(D) if there exists an increasing strictly
positive function α on (0,∞) such that whenever
xn ⇀ x∞ 6= 0, limn→∞ ‖xn − x∞‖ = 1, and x
∗
n ∈ J(xn), we have
lim inf
n→∞
x∗n(x∞) > α(‖x∞‖).
Here J : X → X∗ is the duality map,
J(x) = {x∗ ∈ X∗ : x∗(x) = ‖x‖2 and ‖x∗‖ = ‖x‖}.
Dalby and Sims showed that a Banach space, X, has the uniform Opial condition
if and only if X has property(D).
Consider (xn) in X where xn ⇀ x∞ 6= 0 and limn→∞ ‖xn − x∞‖ = 1.
Let xn = (x
p
n) and x∞ = (x
p
∞) where x
p
n, x
p
∞ ∈ lp. Then, because lp is smooth, there
is a unique element, xp,∗n of J(x
p
n). It follows that x∗n = (x
p,∗
n ) is the unique element
of J(xn).
4 TIM DALBY
For each p, if yn ⇀ y∞ 6= 0 and y
∗
n ∈ J(yn) then ‖yn‖
p−2
p y
∗
n ⇀ ‖y∞|
p−2
p y
∗
∞
. For
more details see [11].
Thus lim infn→∞ y
∗
n(y∞) > ‖y∞‖
2
p.
Let N = {p ∈ N : xp∞ 6= 0} then ‖x∞‖ =
(∑
p∈N ‖x
p
∞‖2
) 1
2
. Hence
lim inf
n→∞
x∗n(x∞) = lim inf
n→∞
∑
xp,∗n (x
p
∞
)
=
∑
p∈N
lim inf
n→∞
xp,∗n (x
p
∞
)
>
∑
p∈N
‖x∞‖
2
= ‖x∞‖
2.
The required increasing strictly positive function is α(x) = x2 and so X has the
uniform Opial condition which ensures rX(1) > 0.
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